Abstract. We consider conformal immersions f : T 2 → R 3 with the property that H 2 f * g R 3 is a flat metric. These so called Dirac tori have the property that its Willmore energy is uniformly distributed over the surface and can be obtained using spin transformations of the plane by eigenvectors of the standard Dirac operator for a fixed eigenvalue. We classify Dirac tori and determine the conformal classes realized by them. We want to note that the spinors of Dirac tori satisfies the same system of PDE's as the differential of Hamiltonian stationary Lagrangian tori in R 4 . These were classified in [5] .
Introduction
Dirac surfaces are defined to be conformal immersions from a (compact) Riemann surface M into R 3 such that the metric H 2 f * g R 3 has constant Gaußian curvature, where H is the mean curvature and f * g R 3 is the first fundamental form of the surface. Thus Dirac surfaces are obtained by spin transformations of a reference surface -an immersed surface of constant Gaußian and mean curvature in R 3 -by eigenvectors of the corresponding Dirac operator, see equation (2.1). For compact and oriented surfaces the sign of the Gaußian curvature is already determined by the topology of the surface and there are three cases to consider. The universal covering of M is either a sphere, a plane or the hyperbolic plane. In the case of positive Gaußian curvature we get thus Dirac spheres which are well understood by now, see [1] . The negative Gaußian curvature case is more difficult to handle since the hyperbolic plane cannot be isometrically immersed into R 3 by a theorem of Hilbert. For vanishing Gaußian curvature the compact Riemann surface M is a torus and the universal covering of M is the plane. Using the plane as reference surface, i.e., the metric H 2 f * g R 3 is isometric to a constant multiple of the standard metric g R 2 , we get that H|df | is constant for Dirac tori. Moreover, since the Willmore energy is given by M H 2 |df | 2 , the Willmore energy of Dirac surfaces with flat metric H 2 f * g R 3 is uniformly distributed over the surface. Dirac surfaces with a doubly periodic differential can be parametrized using trigonometric functions. In order to obtain a doubly periodic surface we need to investigate closing conditions. It turns out that only conformal classes satisfying certain rationality conditions provide Dirac tori, see theorem 3.
In this paper we first explain the general setup of spin transformations and how eigenvectors of Dirac operator conformally transforms a reference surface. Then we show that the Dirac surface property can be translated into an eigenvalue problem and derive the corresponding differential equations. Thereafter, we compute the double periodic spin transformations and compute the closing conditions to obtain closed Dirac tori. Further, we determine which conformal classes actually provide Dirac tori.
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Classification
Let f : M → R 3 be a conformal immersion from a Riemann surface M with first fundamental form f * g R 3 and mean curvature H. The immersion is called a Dirac surface if H 2 f * g R 3 is a metric with constant Gaußian curvature. The property of being a Dirac surface is scale invariant. Further, if M is a compact Riemann surface, the topology of the surface determines the sign of the Gaußian curvature of the metric
We consider the euclidean 3−space as the space of purely imaginary quaternions Im H := {a ∈ H|a +ā = 0}. In this picture the quaternionic multiplication coincides with the cross product of R 3 and any stretch rotation R of R 3 is given by
for an appropriate λ ∈ H and vise versa. The quaternions H can be turned into a complex vector space by choosing the right multiplication with i to be the complex structure. Thus we can identify H = C ⊕ jC and every λ ∈ H can be written as λ = λ 1 + jλ 2 for two complex numbers λ 1 and λ 2 .
Let λ : M → H be a quaternionic valued function. Then we consider the 1−form
On a simply connected domain η integrates to a surfacef if and only if dη = 0. Then, following [6] , we call the mapf a spin transformation of f . A reformulation of the condition dη = 0 is stated in the lemma below, which can be found in [3, 6] Lemma 1 ( [6, 3] ). Let f : U ⊂ M → R 3 be a conformal immersion and let η =λdf λ. The 1−form η locally integrates to a conformal immersionf if and only if there is a real valued function ρ with Dλ = ρλ, where
Proof. The exterior derivative of η is given by
Since f maps into the space of purely imaginary quaternions, i.e.,f = −f, we obtain
Thus dη = 0 if and only ifλdf ∧ dλ is purely real valued.
This means that there is a real 2−form
A natural question is how the invariants of the surface are transformed. This leads naturally to the notion of the mean curvature half density:
Definition. Let f : M → R 3 be a conformal immersion with mean curvature H. Let |df | be a 1−form given by |df | : T M → R, X → df (X). Then we call the quantity H|df | the mean curvature half density of f .
Lemma 2 ([6]
). Letf be a spin transformation of f. With the same notations as in lemma 1 we have
Remark 1. For a Dirac surface f : C → R 3 we call the 1−form H|df | constant, if H|df (X)| is a constant function for a constant vector field X on C with respect to the standard metric. The mean curvature half density is scale invariant. Further, it measures the local bending of the surface, since for a torus C/Γ the Willmore energy
Remark 2. Let f 0 be a conformally immersed surface in R 3 with constant Gaußian curvature and constant mean curvature. Further, let g be the induced metric of f 0 . Since a Dirac surface is characterized by the property that H 2 f * g R 3 has constant Gaußian curvature we have H 2 f * g R 3 = cg for a constant c. For a conformal map f there is always a local spin transformation with df =λdf 0 λ. Thus the corresponding ρ must be constant and we need to solve an eigenvalue problem to obtain Dirac surfaces.
We want to specialize in the following to the case where H 2 f * g R 3 is a flat metric, i.e., where the universal covering of M is a plane. We can use the {j, k}−plane as the reference surface. The Dirac operator of the plane can be easily computed. Proof. Let λ : M → H be a quaternionic valued function. Then we can write it as λ = λ 1 + jλ 2 for two complex functions λ 1 , λ 2 and
Since jλ i =λ i j and jdz = dzj we get
The volume form of the plane is given by dz ∧ dz = −2i(jz) * vol, hence we obtain the claimed form for the Dirac operator.
We have shown that Dirac surfaces for which H 2 f * g R 3 is a flat metric are given by the following system of differential equations. Theorem 1. Let f : C → R 3 be a Dirac surface such that H 2 f * g R 3 is a flat metric. Then f is given by a spin transformation of the plane f 0 = jz by a spinor field λ solving the eigenvalue problem Dλ = µλ, µ ∈ R.
More precisely, for λ = λ 1 +jλ 2 , where λ 1 , λ 2 are complex valued functions, we obtain the following system of equations:
2.1. Doubly periodic solutions. In order to obtain compact solutions we specialize to surfaces with doubly periodic differentials. This means that the differential of the surface are defined on the torus C/Γ for a appropriate lattice Γ. Complex valued smooth functions on C/Γ are given by a Fourier series
where Γ * = {ω ∈ C| < ω, γ >∈ 2πZ, for γ ∈ Γ} is the dual lattice to Γ. 
where Γ ⊂ Γ * is the set of dual lattice vectors ω with |ω + ω 0 | 2 = µ 2 and ω 0 ∈ 1 2 Γ * .
Remark 3. The half lattice vector ω 0 corresponds to the spin structure of the spinor λ, i.e., the the spin structure of the surface.
Remark 4.
It is worth to note that the differential of a Hamiltonian stationary Lagrangian torus in C 2 ∼ = H, classified in [5] , satisfies the same system of differential equations as the spinors of Dirac tori, which can be seen as follows. Hamiltonian stationary Lagrangian tori are critical points of the area functional under variations preserving the Lagrangian property. The right normal of the surface f , i.e., the Im H valued function N given by df (X) = N df (iX) is perpendicular to i and is thus of the form N = je iβ . Further, the function β is harmonic. On a torus we have β = const < β 0 , z >, for a β 0 ∈ Γ , which we can assume without loss of generality to be 1 2 i. It can be shown that the differential of a Hamiltonian stationary Lagrangian torus is given by df = e iβ/2 (dx + jdy)λ, for a quaternionic function λ. Then the closeness of the 1−form gives the desired differential equations for λ = λ 1 + jλ 2 . Nevertheless, the closing condition for both surface classes differs.
In order to obtain closed surfaces, i.e., Dirac tori, we need to consider closing condi-
integrates to a periodic function on C/γ if and only if a 0 = b 0 = 0.
Since df is of the form (2.3), the closing condition is 
The cardinal number of the set Γ , i.e., the lattice vectors of Γ * with |ω + ω 0 | 2 = µ 2 , is even since for ω ∈ Γ we have that −ω − 2ω 0 ∈ Γ . If #Γ = 2, then the only solution to (2.2) satisfying the closing conditions (1) − (3) is the zero function. If Γ has 4 elements, i.e., (2), (3) In order to meet all conditions, we therefore need #Γ ≥ 6. Let ω 1 , ω 2 , ω 3 ∈ Γ ∩ {z ∈ C| Re(z) ≥ 0}. We can choose a −ω i −2ω 0 = a ω i i to solve equation (1) . For all other ω ∈ Γ we choose a ω = 0. Then equation (2) and (3) reduces to the fact that the vector v 0 := (a
) is perpendicular to the vectors
The space of such vectors v 0 is at least a complex 1−dimensional.
Remark 5. Since the Willmore energy is uniformly distributed and H|df ( ∂ ∂x )| = µ, the Willmore energy of a Dirac torus is given by W (f ) = µ · vol(C/Γ). Thus different solutions of (2.4) to a given eigenvalue µ and lattice Γ have the same Willmore energy. Proof. We first show the statement for ω 0 ∈ Γ. Let Γ * be a lattice with a rectangular sub lattice, then we can assume without loss of generality that this sub lattice is spanned by the vectors 1, iτ for τ ∈ R \ {1}. For τ = 1 we have a square lattice and there always exist a non trivial solution. We want to show that we have at least 6 vectors with the same length in Γ * if τ 2 ∈ Q.
In this case let q ∈ Z with qτ 2 = p ∈ N. Then we can define m = p − q and n = 2q and obtain (p − q) 2 + 4q 2 τ 2 = (p − q) 2 + 4pq = (p + q)
2
Thus there exist at least 6 lattice vectors with length (p + q) 2 , namely ±(p − q) ± i2qτ and ±(p + q).
On the other hand if we have 6 elements of Γ * with the same length, we can assume that the vectors are given by 1, −1, ±(x 1 + iy 1 ), ±(x 2 + iy 2 ).
Since these vectors spann a lattice, we get that there are integers k, l and m ∈ Z with k + l(x 1 + iy 1 ) = m(x 2 + iy 2 ) and therefore (k + lx 1 ) 2 + ly Then the following choice of coefficients leads to a torus, see figure 1 . a 1+2i = 0, a −1−2i = 0 a −2−i = ia 2+i , a −2+i = ia 2−i , a −1+2i = ia 1−2i a 2+i = 3 2
(1 + i), a 2−i = 1 √ 2
(1 − 3i), a 1−2i = 2.
(2.6)
The Willmore energy of the surface is given by µ · vol(C/Γ) = 4 √ 5π 2 . Figure 1 . Dirac torus in R 3 with conformal type given by 2π and 2πi.
